We calculate, using holographic duality, the thermal two-point function in finite temperature little string theory. The analysis of those correlators reveals possible instabilities of the thermal ensemble, as in previous discussions of the thermodynamics of little string theory. We comment on the dependence of the instability on the spatial volume of the system.
Introduction and Summary
Little string theories (LST) [1, 2] are strongly interacting string theories, which exhibit phenomena quite different from their critical counterparts. Most notably, they do not contain a massless graviton in their spectrum. In their DLCQ definition [3] the strings appear in a very similar fashion to the critical strings, with the important difference being that the amplitude for splitting and joining strings is of order one, rather than being a free parameter that can be taken to be arbitrarily small.
It is clearly of interest to study these theories and compare their behavior to conventional field theories and to critical string theories. This allows for example an examination of nonlocal theories, without having the complications associated with gravity. Furthermore, this set of theories is very large, describing generic singular limits of string theory compactifications.
Studies of the thermodynamics of LST, using holographic duality [4] , reveal qualitatively different features from more familiar theories [5, 6, 7] . The dual of LST at finite temperature is the CHGS cigar geometry [8] . In [5] it was pointed out that the infinite specific heat found in a tree level approximation of the dual geometry is an artifact of examining the latter in weak string coupling. The specific heat away from this limit was argued later to be negative [6, 9] . For a nice review of these issues the reader may consult [10] .
Negative specific heat is a generic feature of black holes in asymptotically flat spaces, so perhaps one should not be too surprised. However, the conjectured correspondence with a well-defined boundary theory makes this feature somewhat mysterious. It would be useful to find a clear interpretation of the implied instability of the thermal ensemble. In [6] it was speculated that some mode, found earlier in the context of zero temperature "double scaled" LST [11] , could become tachyonic at one loop level. Moreover, the analysis in [6] predicts an interesting dependence of the instability on the spatial volume of the system 1 . However, the situation investigated in [11] is quite different -zero temperature theory far away on the Coulomb branch. One of the goals of the present paper is to formulate this conjecture, of being on the verge of instability, in the context of LST at finite temperature. Indeed we find that the system has modes which will destabilize it, given the correct mass shift at one loop. Furthermore we find complicated dependence of this phenomenon on the spatial momenta of the modes, which is reminiscent of the claim in [6] .
Specifically we study two point functions in the the thermal state of LST. This is done using the holographic duals of these states, and utilizing the results of [12] . This calculation has no counterpart for a critical string theory, as Euclidean string theory on a thermal circle has no on-shell vertex operators. Indeed, the observables we concentrate on correspond to modes that are non-normalizable in a radial direction, and therefore are naturally interpreted as boundary rather than bulk properties. This is also the reason LST has off-shell correlators which can be calculated holographically, whereas critical string theory does not.
By and large, previous holographic probes of LST show patterns consistent with a free theory, apart from some puzzles (cutoff on off-shell momenta and some branch cuts in momentum space) which may signal a breakdown of perturbation theory [11] . Our correlators show no free theory patterns. There are no stable states, or even narrow resonances, revealed at that temperature. This is a sensible behavior of a strongly interacting system at a finite temperature.
There are also some puzzles, similar to the ones in [11] , that suggest the importance of small corrections at large enough (Euclidean) frequencies. We comment on possible small modifications of the results that would make the amplitudes sensible in the high energy regime. In particular, there are some subtleties in the analytic continuation of the Euclidean results to real frequencies. Therefore, it would be useful to perform a real time calculation, in the gravity approximation, along the lines of [14] . We hope to return to that calculation in the future.
The organization of the paper is as follows. In section 2 we set up the holographic dual to LST at finite temperature, review the relevant world-sheet CFT, and construct the vertex operators. In section 3 we use that CFT to exhibit the thermal two-point function, using results from [12] , and discuss its properties.
Vertex Operators

Review of SL(2, R) Results
We begin by constructing the vertex operators of SL(2, R)/U(1) that survive a finite temperature GSO projection. For the application to LST, one needs only the non-normalizable modes in the holographic background, since these correspond to observables in the dual theory. For the vertex operators we concentrate on, such modes originate from the discrete representations of SL(2, R) and their spectral flow images.
To begin, we need to set up the vertex operators of SL(2, R). We use the notations of [15, 16] . The SL(2, R) level k WZW action is
where g is an element of SL(2, R) and Γ WZ is the Wess-Zumino term
The three-manifold Σ has the world sheet as its boundary. Since SL(2, R) has no non-trivial 3-cycles, the level k is not quantized 2 . The conserved currents of this action are J 3,± L,R . As a function of the left-and right-moving world sheet coordinates z andz the currents are given by
where T 3,± are the generators of SL(2, R). The currents can be expanded,
The coefficients obey the Kac-Moody algebra:
The same algebra is satisfied by the modes ofJ. The zero modes J
obey the SL(2, R) L × SL(2, R) R algebra, appropriate for a particle moving on the SL(2, R) group manifold.
The left-moving Virasoro generators L n are,
and for nonzero n
likewise for the right-moving generatorsL n . These obey the Virasoro algebra with the central charge c = 3k k−2 . The unflowed representations are generated, as usual, on top of representations of the zero mode algebra. We concentrate on the discrete representations -those are lowest (or highest) weight representations of SL(2, R).
States in the discrete representations are described by two quantum numbers j and m. The quadratic Casimir operator is given by
) and the eigenvalues of J . Additional representations of SL(2, R) can be built using the operation of spectral flow. Unlike in the SU(2) case, the spectral flow operation does not simply permute the representations, but rather gives new representations. This operation takes J 3,± n → J 3,±;w n given by
The integer w parameterizes the amount of spectral flow 3 . Under spectral flow the Virasoro generators change as
and similarly for theL n . The eigenvalues of (J are denoted by −J(J −1) and M respectively. To maintain unitarity, after imposing the Virasoro constraints, the eigenvalue J of the flowed quadratic Casimir must satisfy
. We will concentrate on vertex operators which are tachyons in the SL(2, R)/U(1) part of the geometry, namely states which are created only by the zero modes of the SL(2, R) currents (with possible oscillator modes from other parts of the CFT). The vertex operators of such states, in flowed discrete representations of SL(2, R) with eigenvalues M,M , will be denoted Φ w JMM .
Restriction to SL(2, R)/U (1)
To obtain the Euclidean cigar geometry the diagonal U(1) subgroup of the SL(2, R) L × SL(2, R) R symmetry should be modded out. This U(1) is generated by J = (J 3 L +J 3 R ). The gauging is described in detail in [16] , and we follow their notation.
After introducing a gauge field and bosonizing, the action involves a new compact scalar field, with the wrong-sign kinetic term,
The original gauge symmetry is manifested by the requirement that all physical operators must commute with the BRST charge
The simplest vertex operators in the SL(2, R)/U(1) are of the form
The BRST invariance then sets q L = −m, q R =m. Note it is the eigenvalues of the unflowed generators J is an integer n − w. We will also see that correlation functions depend only on this combination, and not on n and w separately. We conclude therefore that without loss of generality one can start with the unflowed representations of SL(2, R) -the winding will be generated using the compact scalar φ 4 . The vertex operator has conformal weights (with respect to the unflowed L 0 ,L 0 ),
where we denote p = m −m to be the momentum around the asymptotic circle. This is the spectrum found in [16] . Note that it is the Casimir operator with restricted domain which appears in the mass formulas,
This justifies the interpretation of p, n as momentum and winding, respectively, around the Euclidean time direction. We are interested in exploring correlators as a function of the Euclidean momentum p. It is therefore essential not to restrict the possible values of p. For that reason we choose n = 0; otherwise the level matching condition will make it difficult to construct a series of allowed vertex operators with the different momenta, to be interpreted as Fourier modes of a single object 5 . It may be expected that the set of observables does not change at finite temperature, and the quantum number n has no clear zero temperature limit in the boundary theory.
However, we will see that the set of observables with n = 0 does not allow exploration of all possible momenta (for finite k). This is essentially due to the same bound on the allowed off-shell momenta found in [11] . In the present context, this puzzle may eventually be resolved by making use of observables with n = 0. We comment further on this point below.
We therefore choose to work with graviton vertex operators, which in addition to the wave function in the SL(2, R)/U(1) part have oscillator excitations in the left and right moving sectors of the free CFT on R 5 . The S 3 part remains in its ground state.
Worldsheet Supersymmetry
To supersymmetrize the theory, eight Majorana-Weyl fermions are added to each sector of the model. These fermions are free after a suitable chiral rotation. The addition of fermions changes the scaling dimension of vertex operators. Since the zero point energy on the world-sheet is altered, the term
is added to both h Jpn and h Jpn so that this scaling becomes
and likewise forh Jpn . The GSO projection used here breaks spacetime supersymmetry because it imposes different periodicity conditions on spacetime bosons and fermions around the compact Euclidean time direction. Spacetime fermions are anti-periodic while bosons are periodic.
Requiring spacetime fermions to be anti-periodic, together with modular invariance, introduces new phase factors into the sum over spin structures. This was done by Atick and Witten [19] using the functions U i (p, n), which modify the usual phases of Type II strings at zero temperature. Explicitly 6 , these four functions are
Using the definition U i = U i (p, n) for states with momentum p and winding n the desired one loop partition function is given by the modular invariant trace
where F σ,τ are the left-moving fermion number operators acting in the σ, τ directions and H = L 0 +L 0 is the Hamiltonian. The signs between the terms have been chosen to correspond to the Type IIA,B string. The vertex operators we are interested in survive the zero temperature GSO projection. The analysis in the previous section confirms that all momentum modes of them survive, enabling us to discuss the two point function as an analytic function of frequency.
Mass-Shell Conditions
Each one of our vertex operator carries quantum numbers corresponding to its dependence on various coordinates. One of the general properties of holography is the relation between on-shell bulk quantities and off-shell boundary correlators. For this to be possible, it is essential that the observables have a sufficient range of bulk quantum numbers which are invisible from the boundary perspective. One should be able to solve the bulk mass-shell conditions for each value of the boundary quantum numbers. In our case the latter include the spatial momenta q i , and the Matsubara frequencies p. Even in the zero temperature analysis of [11] this proves to be impossible, and we will see similar issues arise here.
The graviton vertex operator in the full target space is given by
where φ,φ are the bosonized superghost fields and X i , ψ i ,ψ i are the free bosons and fermions in the R 5 component of the full CFT. The indices i, j in this expression are symmetrized.
The vertex operator Φ Jp is the SL(2, R)/U(1) vertex operator discussed above, with the winding set to zero. In writing g ij (q i , p) as a function of q i , p only we imply that other quantum numbers are to be regarded as implicit function of those, given by the mass-shell condition. The massshell condition arises as the requirement that g ij be a conformally invariant vertex operator. Specifically, q
so that J is a function of the off-shell quantum numbers q i , p. In particular, the bound on J translates here to a bound on those quantum numbers, exactly as in [11] .
Correlation Functions
We are now ready to exhibit the thermal two-point functions of the operators we are interested in. The ingredients of this calculation were performed in [12] , and reviewed in [11, 18] . In the notation of [18] the two-point correlator of functions (tachyon vertex operators) on SL(2, C)/U(1), the Euclidean version of SL(2, R), can be calculated in the x-space (defined below) as
where h,h are the conformal weights, and x 12 = x 1 − x 2 . The x basis is related to the M basis, used in the present paper, via
This gives [18] 
The functions B(J) and γ(2J) are defined in [12, 11] :
and
The constant ν and the function B(J) both equal 1 in the large k limit we are taking. In calculating the spacetime two point function, one has to divide by the volume of the conformal group. This normally makes the two point function vanish, but in this context it is compensated by the volume of target space [20, 6, 18] . This leaves a finite piece, which was calculated in [18] .
In making the correlation function of our vertex operators g ij , the additional ingredients will make little difference. They will modify the conformal weights in the denominator of (21), and will multiply the correlator by a polarization dependent tensor in the flat spatial directions.
The two point function of the vertex operators g ij (q i , p) is then given by:
Here M,M and J are regarded as functions of the quantum numbers q i , p. We now proceed to comment on the structure of this result and its analytic continuation to real frequencies.
Euclidean Space
The temperature Green's function can be written as a function of the Matsubara frequencies p as
This is found using the conditions M = p/2,M = −p/2, and the solution
to the mass-shell condition (18) . A second solution to the mass-shell condition is discarded as it violates the lower bound on J. The upper bound imposes a constraint on a combination of the Euclidean energy p and the transverse momentum q,
There is an additional condition M = J − n = p/2, for n an integer of definite sign, since those are the allowed values in the discrete representations. Positive n corresponds to a highest-weight representation, while negative n corresponds to a lowest-weight representation. This translates, using the mass-shell condition, to
Since J is positive it is clear that n must be positive as well, so only the highest-weight representations are allowed.
So we see that only a discrete set of points in the frequency-momentum space is obtained by the Euclidean string theory calculation. Our approach is to analytically continue the result as needed, and attempt interpretation of the correlator as a function of Lorentzian frequencies 7 .
Minkowski Space
The temperature Green's function G(p) can be analytically continued to the retarded Green's function G R (ω) using p → −iω + δ. The analytic continuation of G is not unique since it can, for example, be multiplied by a phase which vanishes at the poles. Typically one requires a fall-off condition for large Euclidean frequencies in order to fix the analytic continuation uniquely. These fall-off conditions require knowledge of the correlators at arbitrarily high Euclidean frequencies. As our frequencies are a priori bounded (for any finite k), we are unable to discuss those fall-off conditions. Even without modifying the correlator found by Teschner (which is exact in tree level string theory), it is possible that small modifications to the mass shell condition (18) will result in satisfying the asymptotic fall-off conditions. We assume this to be the case; as mentioned in the introduction a real time calculation of the retarded Green's function will be useful to confirm or refute this point.
We assume therefore that the form of the correlator (25) applies to Lorentzian frequencies as well. The retarded Green's function is therefore taken to be
In a retarded Green's function an instability will manifest itself as a pole (or other type of singularity, for more complex instabilities) below the real axis. This will be a process which grows, rather than decays, as a function of time. As we are looking for modes which may destabilize the system upon including arbitrarily small corrections, the interesting structure for our purposes occurs on the real axis. This structure represents modes that are stable in the thermal ensemble, an unusual feature.
The retarded Green's function found above has only one set of singularities, coming from the factor Γ(− 1 + 2kq 2 − ω 2 ). The singularities are located at
where n is a nonnegative integer. These points are located along the real and imaginary axes. The points along the real axis are bounded (for generic 8 spatial momenta q i ),
We see that a large number of possible instabilities is present for non-zero spatial momenta q 2 , a number of order kq 2 . We note that the holographic dual to LST contains a continuum of modes above a gap, whose role in the theory is unclear. A typical momentum of those modes, just above the gap, is q 2 ∼ 1 k
. Therefore there are order k possible "nearly destabilizing" modes, and nearly all of them are above the gap. The frequencies of those modes are much smaller than k (where our analysis is expected to receive corrections).
On the other hand, for zero spatial momentum there is only one such possible mode, at |ω| = 1 9 . We see a similar picture to the one suggested in [6] , where the instability depends on the spatial volume (or the spatial momentum in our case).
The retarded Green's function also has a set of zeros. These are on the imaginary axis, so in particular they can eliminate a possible divergence only for special values of q i , the spatial momentum.
